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1. The approximation to a definite integral using n = 20 is 3.456; the exact value is 5. If the approxi-
mation was found using each of the following rules, use the same rule to estimate the integral with
n = 60.

(a) MID
Solution.

Error = 5− 3.456 = 1.544.

1.544
9

= .171556

5− .171556 = 4.82844

4.82844 [7]

(b) SIMP
Solution.

Error = 5− 3.456 = 1.544.

1.544
81

= .019062

5− .019062 = 4.98094

4.98094 [7]
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2. Compute the integral, if it converges, or show that it diverges. You must use limits properly for full
credit.

(a)
∫ 6

1
1

x−4 dx [10]
Solution.∫ 6

1

1
x− 4

dx =
∫ 4

1

1
x− 4

dx +
∫ 6

4

1
x− 4

dx = lim
a→4−

∫ a

1

1
x− 4

dx + lim
b→4+

∫ 6

b

1
x− 4

dx

= lim
a→4−

ln |x− 4|
∣∣∣a
1

+ lim
b→4+

ln |x− 4|
∣∣∣6
b

= lim
a→4−

(
ln |a− 4| − ln 3

)
+ lim

b→4+

(
ln 2− ln |b− 4|

)
= −∞− ln 3 + ln 2 +∞.

Therefore, the integral diverges.
[Note: ∞−∞ 6= 0.]

(b)
∫∞

0
2x
ex dx [10]

Solution. ∫ ∞
0

2x

ex
dx = lim

a→∞

∫ a

0

2x

ex
dx = lim

a→∞

−2x

ex
− 2

ex

∣∣∣∣∣
a

0

= lim
a→∞

−2a

ea
− −2

ea
+ 2 = 2
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3. Consider the cone below.

230

Focus on Engineering
3. It’s time for the School of Engineering class picture and you are the photographer! You stand at the origin with your
camera and your classmates are strung out along the curve y = e−x from (0, 1) to (2, e−2).

(2, e−2)

(0, 1)

YOU

. . .

(a) As a function of x, what is your distance to your classmate at a point (x, y) on the curve?
(b) Write down an integral that gives the average value of the function in (a).
(c) Use your calculator to evaluate the integral in (b) to one decimal place. Say what you are doing.
(d) You focus your camera according to your answer in part (c). Who is more in focus, the person at (0, 1) or the person
at (2, e−2)?

(e) Approximately where on the curve should you tell your best friend to stand so that she will be in focus? (Use your
calculator to solve graphically for her x-coordinate.)
ANSWER:

(a) Distance = S(x) =
√

x2 + e−2x

(b) S(x) = 1
2

∫ 2

0

√
x2 + e−2x dx

(c) LEFT(400) gives 1.1955. RIGHT(400) gives 1.1980. So the true value is 1.197 to one decimal place.
(d) S(0) = 1; S(2) =

√
4 + e−4 ≈ 2.005. Thus the person at (0,1) is more in focus.

(e) Graphing
√

x2 + e−2x − 1.197, we see that it is 0 at x ≈ 1.16.

4. A coffee filter is in the shape of a cone, as shown below. When it is filled with water to a height h cm, the rate at which
coffee flows out the hole at the bottom is given by

(
Volume of coffee which
flows out per second

)
=

√
h cm3/sec.

!"5 cm

#

$
h cm

#

$

5 cm

(a) What is the radius of the surface of the coffee when it is at height of h?
(b) What is the approximate volume of the “slice” of coffee lying between h and h + ∆h?
(c) Given that when the height is h, the coffee is leaving at a rate of

√
h cm3/sec, approximately how long does it take

for the height of the coffee to fall from h + ∆h to h?
(d) Suppose the coffee filter starts full. Write an integral representing the total amount of time it takes for the coffee filter
to empty, and hence find the time for the filter to empty. Give your answer to the nearest second.

(a) Write a Riemann sum representing the volume of the cone. [10]
Solution.
w
10 = h

5 or w = 2h. That is, r = h.

lim
n→∞

n∑
i=1

π(hi)2∆h

(b) Write a definite integral representing the volume of the cone. You do not need to evaluate the
integral. [5]
Solution.

π

∫ 5

0
h2 dh
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4. Consider the region bounded by y = x2, y = x, x = 0, and x = 1.

(a) Find a definite integral representing the volume of the solid formed by rotating this region
around the line x = −2. [15]
Solution.

π

∫ 1

0
(
√

y + 2)2 − (y + 2)2 dy

(b) Evaluate the integral to find the volume of this solid. [5]
Solution.

π

∫ 1

0
(
√

y + 2)2− (y + 2)2 dy = π

∫ 1

0

(
− y2− 3y + 4

√
y
)

dy = π

(
− y3

3
− 3y2

2
+

8y3/2

3

∣∣∣∣∣
1

0

)
=

5π

6
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5. When an oil well burns, sediment is carried up into the air by the flames and is eventually deposited
on the ground within 100 miles of the well. Less sediment is deposited further away from the oil
well. Experimental evidence indicates that the density (in tons/square mile) at a distance r from the
burning oil well is given by

δ(r) =
7

1 + r2
.

Find and evaluate an integral which represents the total mass in the deposit. Specify the units. [15]

Solution.

2π

∫ 100

0

7r

1 + r2
dr = 7π ln(10001) ≈ 202.548 tons
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6. A rectangular swimming pool 50 ft long, 20 ft wide, and 10 ft deep is filled with water to a depth of
9 ft. Write and evaluate an integral to find the work required to pump all of the water out over the
top. Specify the units. [16]

Solution.

62.4
∫ 9

0
1000(10− h) dh = 62400

∫ 9

0
(10− h) dh = 62400

(
10h− h2

2

∣∣∣∣∣
9

0

)
= 3, 088, 800 ft-lbs.
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